The mass corrections to the bound state energies of the three-body muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ are determined numerically from the results of highly accurate computations. The total energies and some other bound state properties of these ions are evaluated to very high accuracy for the bound S(L = 0)−, P (L = 1)− and D(L = 2)−states. In these highly accurate calculations we used the most recent and accurate masses of particles m p , m d , m t and m µ known from high energy experiments. We also investigate some bound state properties of the muonic molecular ions. In particular, we determine the hyperfine structure splittings of the ground states of the pdµ, ptµ and dtµ ions. In these calculations we used our highly accurate expectation values of the interparticle delta-functions obtained in recent computations. The corresponding hyperfine structure splittings, e.g., ∆ 12 = 1.3400149·10 7 M Hz and ∆ 23 = 3.3518984·10 7 M Hz for the ptµ ion, can directly be measured in modern experiments. Analogous hyperfine structure splittings are evaluated to very high accuracy for all five bound S(L = 0)−states in the three symmetric muonic molecular ions: ppµ, ddµ and ttµ.
I. INTRODUCTION
In our earlier study [1] we considered the bound state spectra in the muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ, where the notations p, d, t stand for the nuclei of three hydrogen isotopes (protium, deuterium and tritium, respectively), while µ means the negatively charged muon µ − . In our calculations in [1] we have used the particle masses taken from relatively old experimental papers, since in [1] we wanted to show the progress achieved recently in highly accurate computations of Coulomb three-body systems with arbitrary masses. Therefore, it was some logic to use the same particle masses in all such calculations (see, e.g., [2] , [3] and references therein). On the other hand, right now the masses of all nuclei of hydrogen isotopes (p, d and t) and negatively charged muon µ − are known to much better accuracy, than they were obtained ten years ago (in fact, eighteen years ago). It is clear that it is necessary to perform extensive recalculations of the bound state energies and other bound state properties in the six muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ by using the 'recenty updated' particle masses.
Modern highly accurate computations of the bound states in muonic molecular ions allow one to determine 15 -18 correct decimal digits in the total energy E. In some cases, e.g, for the S(L = 0)−state in the ppµ ion such an accuracy is much higher and we can determine ≈ 21 -22 correct decimal digits in the total energy. On the other hand, the masses of particles have been determined to the accuracy which corresponds to ≈ 10 -11 exact decimal digits only. Such uncertainties in particle masses lead to relatively large mistakes in the total energies and corresponding wave functions. Formally, this means an almost constant need of recalculation of the corresponding total energies and wave functions by solving the nonrelativistic three-body Schrödinger equation with the new masses. Note also that in contrast with the two-electron atoms for three-body muonic molecular ions we cannot use various mass-interpolation formulas for the total energies, since they are not very accurate and contain not one, but two and even three different parameters (i.e. the ratios of the masses of particles) and none of these parameters is small.
The main goal of this study is to perform the highly accurate computations of the bound states in the six muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ. All particle masses used in our calculations are taken from the most recent high energy experiments. Our calculations are performed with the use of extended arithmetic precision. Finally, the mass corrections to the total energies of these ions have been determined (for each bound state in these six ions) to very high accuracy.
By using the highly accurate expectation values of all (three) interparticle delta-functions obtained in our calculations we also investigate the hyperfine structure of the bound S(L = 0)−states in the six muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ. The hyperfine structure splittings are determined for each of these (nine) bound S(L = 0)−states. The results of this investigation lead us to a number of interesting conclusions and observations.
Many of these facts are important in analogous computations of more complicated systems, e.g., in the analysis of hyperfine structure splittings in the four-, five-and six-body quasiatoms and ions which contain muonic molecular ions as a part of their structure.
II. THE MASS-DEPENDENT HAMILTONIAN OF MUONIC MOLECULAR IONS
In the non-relativistic approximation the Hamiltonian of the three-body muonic molecular ) and e is the elementary electric charge. It is very convenient (see below) to consider the bound state spectra of such ions in muon-atomic units in whichh = 1, m µ = 1 and e = 1.
The speed of light c in these units is c = α −1 , where α = e 2 hc is the fine structure constant.
In muon-atomic units the same Hamiltonian, Eq. (1), is written in the form
where the nuclear masses m a and m b of the two hydrogenic nuclei must be expressed in terms of the muon mass m µ .
In our earlier studies (see, e.g., [1] , [2] . These mass ratios are, in fact, the dimensionless parameters which determine the energy spectra and all other properties of the six muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ. The total energies and the corresponding wave functions of the muonic molecular ions are determined during the highly accurate solution of the non-relativistic Schrödinger equation HΨ(r 1 , r 2 , r 3 ) = E · Ψ(r 1 , r 2 , r 3 ), where E < 0 and the non-relativistic Hamiltonian of the three-body system which is written in the form of Eq.(2). To determine the highly accurate solutions of the non-relativistic Schrödinger equation with E < 0 in this study we apply the exponential variational expansion in the relative/perimetric three-body coordinates. The explicit form of the exponential variational expansion in perimetric coordinates is
where C i are the linear (or variational) parameters, α i , β i , γ i are the non-linear parameters and L is the angular momentum of the three-body system abµ. Note that each basis function in Eq. (6) is an eigenfunction of the L 2 and L z operators with eigenvalues L(L + 1) and M. 
This means thatL
where C LM ℓ 1 m 1 ;ℓ 2 m 2 are the Clebsch-Gordan coefficients (see, e.g., [5] and [6] ) and the vectors n x = x x and n y = y y are the corresponding unit vectors constructed for arbitrary non-zero vectors x and y. As follows from Eq. (7) each bipolar harmonic is the M−component of the irreducible tensor of rank L. In actual calculations it is possible to use only those bipolar harmonics for which ℓ 1 + ℓ 2 = L. Note that the basis set, Eq.(6), is a partial case of the more general exponential variational expansion in the relative/perimetric coordinates [1] . In particular, our Eq. (14) does not include exponents with the imaginary (or complex) non-linear parameters and some other factors which are needed to accelerate the overall convergence rate for some three-body systems, e.g., for the H + 2 , D + 2 ions, helium-muonic atoms and for other 'special' systems (for more details, see, [1] and [7] ). We also do not want to discuss here the bound states of unnatural spatial parity, when one needs to use in Eq.(6) the bipolar harmonics for which ℓ 1 + ℓ 2 = L + 1.
III. SPECTRA OF BOUND STATES IN MUONIC MOLECULAR IONS
By analyzing the bound state spectra in the six muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ one finds that they can be separated into three different 
The classification of bound state spectra in muonic molecular ions is based on the general theory developed in [8] , [9] for three-body Coulomb systems with unit charges. This theory is based on the fact that the total number of bound states in any muonic molecular ion a
is determined by the lightest nucleus of the hydrogen isotope in this ion. This explains why only three groups of different bound state spectra can be found in the six muonic molecular ions mentioned above: the p−group, the d−group and the t−group. Furthermore, it must be a similarity between the spectra of bound states in each group: e.g., between the bound state spectra of the 'protium' muonic molecular ions ppµ, pdµ and ptµ. Analogous similarity can be found for the bound state spectra of the ddµ and dtµ ions in the 'deuterium' group.
It can be shown that in such 'families' of muonic molecular ions the symmetric ion always has the maximal binding energy [9] . By using these similarities between the bound state spectra in each of these 'families', one also finds a number of useful relations for the total and binding energies as well as for other bound state properties of different muonic molecular ions (see examples in [1] ).
As we have mentioned above there are 22 bound states in the six muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ. Nine of these states are the S(L = 0)−states, while nine others are the P (L = 1)−states. There are also three bound D(L = 2)−states and one bound F (L = 3)−state. The F −state is stable only in the heavy ttµ ion. In this study we determine the total energies of twenty one such bound states. At this moment we cannot perform the highly accurate computations of the F (L = 3)−state in the ttµ ion, since our unique code for such calculations was lost a few months ago (due to some problems at our local computer).
IV. RESULTS AND DISCUSSIONS
In this study all numerical computations of the S− and P −bound states in muonic molecular ions in this study are performed with the use of 64 -108 decimal digits per computer word [10] , [11] , allowing the total energies to be determined to the accuracy
In all calculations we have assumed that all particle masses and corresponding conversion factors (e.g., the factor Ry mentioned below) are exact. In fact, such assumptions are always made in the papers on highly accurate computations in few-body systems (see, e.g., [12] and [13] ). The known experimental uncertainties in particle masses and conversion factors are taken into account at the last step of calculations, when the most accurate computations are simply repeated for a few times with the use of different particle masses and conversion factors. Analogously, the expectation values of other operators are determined in calculations with our non-relativistic wave functions. To avoid a substantial loss of numerical accuracy during computations of the expectation values of some operators these non-relativistic wave functions must be extremely accurate. Table I contains the total variational energies obtained for the ground and first 'vibrationally' excited S(L = 0)−states of the symmetric and non-symmetric muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ. Table II includes the total energies for the rotationally and vibrarionally excited P (L = 1)− and P * (L = 1)−states of these six muonic molecular ions. In these two Tables and everywhere below the upper index ' * ' is used to designate the vibrationally excited state with the same angular momentum L. Table III contains the total energies of the D(L = 2)−states in the three heavy muonic molecular ion ddµ, ttµ and dtµ.
The results from Table III have been obtained with the use of the standard Fortran with the quadruple precision accuracy (30 decimal digits per computer word). Also, in calculations of the bound D(L = 2)−states we did not applied our two-stage optimization of the non-linear parameters in the trial wave functions. Therefore, the energies from Table III are less accurate than analogous energies from Tables I and II. In Tables I -III the notation ∞ stands for the total energy which corresponds to the infinite number of basis function, i.e. N = ∞ in Eq. (14) . The asymptotic formula for the total energy takes the following four-parameteric form
where E(∞), A 1 , A 2 and γ are the four parameters which are determined by using the results of highly accurate calculations of the total energies with the different numbers of basis functions N i (see Eq. (6)). To determine four parameters in Eq.(8) one needs to know at least four total energies E(N i ) obtained from the direct numerical calculations. In general, the asymptotic value of the total energy contains one/two correct decimal digit(s) extra.
Moreover, the exact coincidence of some decimal digits in the E(N i ) and E(∞) energies in Eq. (8) allow us to confirm the total number of stable decimal digits in the final energies.
Highly accurate calculations of the total energies and other bound state properties for all known bound states in muonic molecular ions is an important and actual scientific problem.
As mentioned above in this study we use the improved values of particle masses known from recent high energy experiments. Our results presented in Tables I -III provide answers for a number of actual questions. For instance, as is well known the bound P * (L = 1)−states in the ddµ and dtµ ions are very weakly bound. By using the corresponding energies from Table II and improved masses of the muon, deuterium and tritium nuclei (see above) one finds the 'improved' binding energies of the P * (L = 1)−states in the ddµ and dtµ ions:
and ε(dtµ; P * (L = 1)) = −0.6603325645 (2)eV (10) where we have used the following conversion factor Ry = 27.211385060 · and ε(dtµ; P * (L = 1)) determined in [1] .
Another interesting problem is to study the changes in the bound state properties of these muonic molecular ions which are directly related to the mass variations. The results of these calculations (in muon-atomic units) can be found in Table IV for some of the properties.
The results from this Table can be compared with analogous results from Table 8 given in [1] . Such a comparison shows the effect of mass variation for the bound states properties which are different from the total and binding energies. By working with Table IV we have found the numerical mistake in the r 2 21 expectation value for the pdµ ion (extra '1' was added from the left side to this result in Table 8 in [1] ). The mass corrections to the total energies can be obtained by subtracting our results from Table I -III from the corresponding results given in Tables 1 -5 in [1] . Since the total energies in all these Tables are given in muon-atomic units, then we do not need to use any additional conversion factor.
V. HYPERFINE STRUCTURE OF THE GROUND STATES IN THE pdµ, ptµ AND dtµ IONS
In this Section we analyze the hyperfine structure and determine the hyperfine structure splitting of the bound S(L = 0)-states in the non-symmetric muonic molecular ions pdµ, ptµ and dtµ. As is mentioned above there are four bound S(L = 0)−states in these three ions: three ground S(L = 0)−states (one in each of these ions) and one excited S(L = 0)−state in the heavy dtµ ion. In this Section we want to investigate the hyperfine structure and determine the hyperfine structure splitting for each of these bound states by using highly accurate expectation values of the delta-functions obtained in our highly accurate numerical computations (see above).
The general formula for the hyperfine structure splitting (∆H) h.s. (or hyperfine splitting, for short) in the case of an arbitrary three-body system is written as the sum of the three following terms. Each of these terms is proportional to the product of the factor factor contains the corresponding g−factors (or hyromagnetic ratios) and scalar product of the two spin vectors. For instance, for the pdµ ion this formula takes the form (in atomic units) (see, e.g., [14] , [15] )
where α = The analogous formula for the hyperfine structure splitting in the ptµ ion takes the form
where
, where M t = 2.9789624775 is the magnetic moment of the triton expressed in the nuclear magnetons and
is the spin of the triton (or tritium nucleus). The formula for the hyperfine structure splitting in the dtµ ion is
where all values are defined above. The same formula can be applied to determine the hyperfine structure spllitting in the excited S(L = 0)−state of the dtµ ion. The only difference in the hyperfine structure splittings determined for the ground and excited states of the dtµ ion can be related with the expectation values of interparticle delta-functions.
In our computations of the muonic molecular ions performed recently [1] we have determined the expectation values of all delta-functions which are needed in Eqs. (11) - (13) . The corresponding expectation values are shown in Table I . These values have been determined in muon atomic units where m µ = 1,h = 1, e = 1. They must be re-calculated to the regular atomic units (m e = 1,h = 1, e = 1) which are used in the formulas, Eqs. (11) - (13), to determine the hyperfine structure splittings. In these calculations we have used the trial wave functions with N = 3300, 3500, 3700 and 3840 exponential basis functions (for more details, see [1] ). The expectation values of all interparticle delta-functions computed for the ground S(L = 0)−state of the pdµ ion are shown in Table I . The overall convergence rates of the delta-functions computed for each bound state in the ptµ and dtµ ions are very similar to the results shown in Table V .
These expectation values of the δ(r ij ) functions were used in the formulas Eqs. (11) - (13) while the values of (∆H) h.s. which follow from Eqs. (11) - (13) are expressed in atomic units.
To re-calculate them from atomic units to MHz the conversion factor 6.57968392061 ·10
9
MHz/a.u. was used [16] .
In general, the pdµ and dtµ ions have similar hyperfine structure. In particular, in each of these ions one finds twelve spin states which are separated in the four following groups:
(1) the group with J = 2 (five states), (2) the group with J = 1 (three states), (3) the group of one state with J = 0 (one state) and (4) the group with J = 1 (three states).
Here and everywhere below the notation J stands for the total spin (or total momentum, for the S(L = 0)−states) of the three-body ion. The states with J = 2 have the maximal energy, while the energy of the states from the fourth gourp is minimal. The corresponding splittings ∆ 12 , ∆ 23 and ∆ 34 can be found in Table VI for each bound state in the pdµ and dtµ ions.
The hyperfine structure of the ground state in the ptµ ion is completely different (see Table VII ), since the spin of the triton equals In this Section we have investigated the hyperfine structure and determine the hyperfine structure splitting in the bound S(L = 0)−states of the pdµ, ptµ and dtµ ions. The first excited S(L = 0)−state in the dtµ ion is traditionally designated by an additional asterisk,
i.e. (dtµ) * . In such calculations we used the highly accurate expectation values of all interparticle delta-functions obtained in recent computations [1] . In general, it is very interesting to compare the numerical values of the hyperfine structure splittings ∆ 12 , ∆ 23 and ∆ 34 for different muonic ions (see Table VI ).
VI. HYPERFINE STRUCTURE OF THE BOUND S(L = 0)−STATES IN THE SYMMETRIC MUONIC MOLECULAR IONS
In this Section we consider the hyperfine structure splitting in the symmetric muonic molecular ions ppµ, ddµ and ttµ. As is well known there are five bound S(L = 0)−states in these (symmetric) muonic molecular ions. The ground states are stable in each of these ions, while the excited S(L = 0)−states are stable only in the heavy ddµ and ttµ ions. In general, the analysis of the hyperfine structure in symmetric systems is slightly more complicated than analogous analysis for non-symmetric systems/ions. On the other hand, the arising hyperfine structure is relatively simple and can be explained by using a few transparent physical ideas.
The general formula for the hyperfine structure splitting (or hyperfine splitting, for short)
for an arbitrary three-body muonic molecular ion aaµ is written in the following form (in atomic units) (see, e.g., [14] )
where α = e 2 hc is the fine structure constant, m µ and m p are the muon and proton masses, respectively. The factors g µ and g a are the corresponding g−factors. The expression for (∆H) h.s. is, in fact, an operator in the total spin space which has the dimension (2s a + 1) 2 (2s µ + 1). Since the second and third terms in Eq.(1) are identical, then we can reduce Eq. (14) to the form
where S aa = (s a + s a ) is the total spin of the pair of identical particles (the two nuclei of the hydrogen isotopes), i.e. p, d and t.
The formula, Eq.(15), allows one to make a few qualitative predictions about the hyperfine structure of the symmetric muonic molecular ions. First, it is clear that the classifications of the levels of hyperfine structure must be based on the total spin of the two 'symmetric' ) is determined by the spin-spin interaction between the two heavy nuclei (muon's spin does not contribute). The overall contribution from the first term in Eq. (15) rapidly (exponentially) decreases when the mass of the heavy particle increases. Formally, the first term in Eq. (15) is very small already for the ppµ ion. However, for the ddµ and ttµ ions its contibution is negligible. This means that in the first approximation the hyperfine structure of the symmetric muonic molecular ions can be explained by using only one term for the muon-nuclear spin interaction. This leads to some 'additional' symmetry observed for the actual levels of hyperfine structure of heavy ions (see below).
As is well known the spin of the negatively charged muon µ − equals 1 2 and the spins of the proton p and triton t also equal 1 2 . Therefore, the hyperfine structure of the ppµ and ttµ ions must include eight levels which form three following groups: (1) the group of four spin states with J = . In Eqs. (14) - (15) these values are designated differently.
In highly accurate computations of the expectation values of delta-functions we have used the following masses of the deuteron and triton: m d = 3680.483014 m e and m t = 5496.92158 m e . These masses are often used in modern highly accurate calculations of muonic molecular ions (see, e.g., [1] ).
The convergence of the expectation values of the nuclear-nuclear (or pp−) and nuclearmuonic (or pµ−) delta-functions is illustrated in Table VIII Tables IX and X contain both the energies of the levels of hyperfine structure (ǫ J ) and hyperfine structure splitting (∆(J 1 → J 2 )). As we have predicted (see above) one of the hyperfine levels has a very small energy. As follows from Tables IX and X this level cor-
. In the ttµ ion the hyperfine energies of this state are ≈ 11.0591
MHz and ≈ 12.4307 MHz for the ground and first excited states, respectively. In the ddµ ion the energies of the analogous levels are 6.8996 MHz and 4.7378 MHz, respectively.
Briefly, this means that the overall contribution of the nuclear-nuclear spin interaction is very small for the both ddµ and ttµ ions. This directly follows from the known fact (see, e.g., [17] ) that the expectation values of nuclear-nuclear delta-functions are very small. For instance, for the ddµ and ttµ ions the expectation values of nuclear-nuclear delta-functions are
(m.a.u.) and δ tt ≈ 2.42670033 · 10 −7 (m.a.u.), for the ground and excited states, respectively. Finally, the observed hyperfine structure of these two ions is mainly (99.9999 %) related to the muon-nuclear spin interactions only. In the ppµ ion the situation is slightly different, but even for this ion the overall contribution of the muon-nuclear spin interaction(s) is substantially larger than the contribution from the nuclear-nuclear spin interaction.
VII. CONCLUSION
Thus, we have determined the total energies of the twenty one bound states in the six muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ. values of the bound state properties with their actual (or observed) values. In general, the analysis of these three-body systems is significantly more interesting and informative than the traditional analysis of the two-electron atoms and ions.
The hyperfine structure of all nine bound S(L = 0)−states of the ppµ, pdµ, ptµ, ddµ, dtµ and ttµ has also been investigated. In our calculations of hyperfine structure and hyperfine structure splittings for each of these states we used the highly accurate expectation values of the interparticle delta-functions. The hyperfine structure splittings of the ground states of each of these ions (see Tables VI, VII , IX and X) can directly be measured in modern experiements.
Appendix
In this Appendix we briefly discuss the history of the bound state computations of muonic molecular ions. Note that the interest to these ions was always closely related to the problems of muon-catalyzed fusion of the nuclear reactions. The first numerical computations of the bound states in three-bodymuonic molecular ions were performed by Belyaev et al in 1959 [18] . By using a very simple adiabatic (but non-variational!) procedure they were able to find 20 bound states in six ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ. Unfortunately, due to lack of good computers at that time the overall accuracy of the procedure used in [18] was very low and the authors could not confirm the boundness of the excited P * (L = 1)−states (or (1,1)-states) in the ddµ and dtµ ions. It was concluded only that, if such states are bound, then they are very weakly bound. The binding energy of these two states was expected to be smaller than 4.5 eV , i.e. smaller than the binding energy of a typical hydrogen molecule. Immediately after publication of [18] an intense stream of speculations started about a possible interference (or resonance) between the formation of excited P * (L = 1)−states (or (1,1)-states) in the ddµ and dtµ muonic molecular ions and different transitions in surrounding molecules (see, e.g., [19] and references there in).
In the middle of 1960's Halpern [20] , Carter [21] , [22] and Delves and Kalotas [23] [24] and [25] and references therein). They worked with µ − -muons which were slowing down in liquid deuterium and deuterium-tritium mixture. contrast with the 'regular' muon-catalyzed fusion observed in [26] .
Those experimental works produced a great interest to study the weakly-bound states in the ddµ and dtµ ions. The main goal of all following computations was to determine the binding energies of the weakly-bound P * (L = 1)−states in the ddµ and dtµ ions to the accuracy ≈ 1·10 −3 eV (or approximately 10 K). At that time a large number of bound state computations for muonic molecular ions were performed with the use of the adiabatic (but non-variational!) method [27] . The first variational computations of all bound S(L = 0)− and P (L = 1)−states in muonic molecular ions have been conducted in [28] and [29] . Later, we have substantially improved the accuracy of such computations [30] and were able to calculate the bound D(L = 2)−states in these ions [31] . Since then we have performed a number of different computations of the bound D(L = 2)−states in the ddµ, dtµ and ttµ ion. The total energy of the dtµ ion [32] is the only result obtained for these states outside of our group. However, in the middle of 1980's the masses of all particles involved in the muonic molecular ions were determined to much better accuracy. In addition to this, it became finally clear that the main restriction of the resonance muon-catalized fusion is directly related to the muon stiking coefficient to the 4 He nucleus, or with its inverse value which equals to the number of nuclear reactions catalyzed by one muon in the equimolar deuterium-tritium mixture. It appears that such a number (150 -160) was very close to the value obtained earlier [24] and [25] . It was also shown that even 200 nuclear fusions per one muon in the equimolar deuterium-tritium (liquid) mixture is in 12 -15 times less than it is needed for theoretical break-even and ≈ 55 -65 times smaller than necessary for actual break-even (see discussion and references in [33] ).
After these publications the overall interest to the resonance muon-catalyzed fusion rapidly went down. Nevertheless, in the middle of 1990's we have performed a series of highly accurate computations of the muonic molecular ions [34] , [35] . These works were [36] , [37] . Around that time another paper was published on highly accurate bound state computations of the three-body muonic molecular ions [38] . In [1] we have used very large basis sets and performed an accurate optimization of the non-llinear parameters of our method. The paper [1] contains the most accurate values of the total (and binding energies) of all 22 bound states in the six muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ. In this study we wanted to recalculate some of these systems by using the new values of the particle masses. 
